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Linear Systems Theory

What is a system?
Blackbox description of characteristic behaviour

X(t) — System — Y(t)

y(t) = F[x(t)]

known unknown known
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Linear Systems Theory

Superposition principle (SPP)
If input x(t) A output y,(t)

If input %,(t) A output y,(t)
Then:a x,(t) + b x,(t) A avy(t) + by,(t)

X(t) —— System — Y(1)

y(t) = F[x(1)]

N N
Ingeneral: [@ @%@ - A a.y.®
n=1 n=1

This is true for all t !!!
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Linear Systems Theory

} Surprise 1: what looks linear might not be linear
W) OG@ ©® 0 wo
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/axo) O O Mo
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X(t) — 4 > y(t)
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Linear Systems Theory

Central concepttmpulse responsef a Linear System

Surprise 2: a linear system can completely change the shape of the input <

A Impulse Impulse response

h(t)

> Linear system [———3

a(t):} ¥ fort=0

¥ ¥
suchthat Qoft)dt=1and f(t,) = Qalt- t,)f(t)dt
7 0 esawhere v v

As a result of the SPP the response of thirear System to aarbitrary input
can be computed fronthe systensimpulse response!
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Linear Systems Theory

Any signal can be decomposed into a series of pulses

pulse

1T/At

.
fﬁ v e T

k

t Iy At t

¥ fort=0
0 dsawhere

i ¥ ¥
at) =i suchthat Oalt)dt=1and f(t,)= Oalt- t,)f(t)dt
I -¥ -¥
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Linear Systems Theory

Central concepttmpulse responsef a Linear System

+ How is this useful?
Precise description of signal x(t) by Dirac impulses

+¥
X(t) = OXx(¢) *dAt - t)xdt
Precise description o-f response y(t) from the impulse response

y(t) = OX(1)*h(t- £)xdt

L ¥ .
Con3|derlng only causal systemsh(e.¢)=0 forz 2 t

y(t) = OX(f)Xh(t ) xdt ~
Change of variabldy(t) = OX(t - ¢)xh(#) xd¢ ﬁ]‘t’é‘gfa'lf“or‘
0
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Linear Systems Theory

What does the convolution integral mean?

Curren: " The start of " Superposition
System 3. universe € over the past
output past

now System’ sThe system’s
past input dynamic memory of
now the instantaneous
past input
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Linear Systems Theory

1 Exercise
Suppose you have x(t) = swi) and assume impulse response
h(t). What I s the system’ s o

r ~ ~ s

We need: OEd t) OEDAT( AT@OET
Answer: «(0) Q@ )EOETO ]

Thus the output is a harmonic function again!
Amplitude and phase depend on frequency of input
But output frequency has not changed!

Harmonic functions ar&igenfunctionsf linear systems!!!
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Linear Systems Theory

} Alternative characterization of linear systems
Amplitude characteristiaq )
Phase characteristic

o) @ )HIgoBETO
+ Together, they provide théransfer characteristic !
H T
Fourier analysi$i] is the Fourier transform oh t !

X (w) f r(t)e “dt

— 0

Y(w)=Hw) X(w)
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Linear Systems Theory

} Problem: the Fourier transform of many often used
functions is not defined!

E.g. step function . m
time
20 | o 1 ~
U(w) = / U(t)e " dt = / et = ——e !
oo 0 w 0
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Linear Systems Theory

} SolutionlLaplace transform!
Integral transform
Resolves a function or signal into its moments
e.g. statistical moments ( mean,

Modes of vibration (frequencies) The Complex s-plane
Transform between time and frequency S=4j® (imaginary)

Compact systems description \/\,
Definition: '/\/W __,\/U\
Fo)=L{f(}=ppocr@)dt <+~ L—1r

._
o (large) o (small) | S=0 s=o (real)

0
A
s: complex number . A\/

12 NSCI 850- G. Blohm Feb 25,2020




Linear Systems Theory

} Laplace transform

Time domain

x(t)y —» h(t) F—» y(t) = h(t)*x(t)

| | f

Inverse
.4’ aplace .é’ aplace

.4 aplace
! ' |

X(s) —»| H(s) F—» Y(s)= H(s)X(s)

Frequency domain

Wikipedia
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Linear Systems Theory

}We can now solve our probl
Step function has a solution in Laplace space!

1.0 (o)

time

ﬁ[U<t)] — / U(t)ﬁ_gtdt — St ——
U ]

S 0
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Linear Systems Theory

} Laplace transform

—

Linearity

Frequency
differentiation

Frequency
differentiation

Differentiation

Second
Differentiation

General
Differentiation
Frequency

integration

Integration

—
—

Scaling

Frequency
shifting

=3 | Time shifting
Convolution

Periodic
Function

Wikipedia
15

Time domain 's' domain Comment

(If(l‘._) + b_r}(_t) (IF(S) + bG( s) Can be proved using basic rules of integration.

ff(:‘.) —F’(s) Fisthe first derivative of

f”f(t) (_1 )”F{”)(s) More general form, {nith derivative of Fis).
fis assumed to be a differentiable function, and its derivative is

f’[f) sF(s) — f([]) assumed to be of exponential type. This can then be obtained by
integration by parts
[ is assumed twice differentiable and the second derivative to be of

f”[l‘.) SQF(S) — sf(ﬂ) — f"(ﬂ) exponential type. Follows by applying the Differentiation property to
f'(t)

(n) n . n—1 . (n—1) fisassumed to be n-times differentiable, with n derivative of
f (f) a F("} -8 f([]-} o —f ( ) exponential type. Follow by mathematical induction
o0
@ [ Foydo
L

() is the Heaviside step function. Note (i * () is the convolution of

e 1
fu F(r)dr = (us £)(t) < F(s) .

1 s

. —F(2)
f(at) af (G
e™ f(t) F(s—a)
f(f - ﬂ)ri(f- — (I) t"_m‘F(s) () is the Heaviside step function

fityand g(f) are extended by zero for { < 0 in the definition of the
(f*q)(f) F(q) G(s] convalution
1 T Aty is aperiodic function of period T 5o that
f(f) ﬁ/ 6‘_Sif(t) di f(f) = f(f + T, Wt > () This s the resutt of the time shifting
—€ 0 ; ;

property and the geometric series
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Linear Systems Theory

} Laplace transform— -

16

[1]

1a

2
2a

2a.1

ﬁ 2a.2

2b

2c

2d

ﬁ 2d.1

Wikipedia "

Function

ideal delay
unit impulse

delayed nth power
with frequency shift

rth power
{ for integer #)

ath power
(for complex o)

unit step

delayed unit step

rarp

rth power with frequency shift

exponential decay

exponential approach

sine

cosine

hyperbaolic sine

hyperbalic cosine

Exponentially-decaying
sine wave

Exponentially-decaying
cosine wave

nth root

(t—7)"

Time domain

f(t) = L7 {F(s)}
5(t —7)

5(t)

n!
n

— - u(t)

n!
1
g +1) "%
u(t)

u(t —7)

t-u(t)

(1—e™) - ult)
sin(wt) - u(t)
cos(wt) - u(t)
sinh(at) - u(t)
cosh(at) - u(t)
e sin(wt) - ult)
e “*cos(wt) - ult)

NSCI 850- G. Blohm

eel-m) . u(t —7)

Laplace s-domain
F(s) = L{F()}
E—TS
1

e—TS

(5 + Q,)‘n+1

52 — a2
5

52 _ o2
w

(s + a)? + w?
s+ a
(s + a)? + w?

Region of convergence

all s
Re{s} > —a
Re{s} >0
(n>-1)

Re{s} >0
(Re{q} > -1)

Re{s} >0
Re{s} > 0
Re{s} >0
Re{s} > —a
Re{s} > —a
Re{s} > 0
Re{s} > 0
Re{s} >0
Re{s} > o]
Re{s} > ||
Re{s} > a

Re{s} > a

st/ p (1 + %) Re{s} >0
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State space representations

} Laplace transform
Example: solving @ =-/n(t)
t

Laplace transform:  (sN(s)- n(0))+/N(s)=0

U N(S) = @
s+/
Inverse Laplace transform: n(t)=L"*(N(s))=n(0)& "
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The role of feedback
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Feedback

+ If we have a system G controlling a plant P

X(s) >l G(s) | P(S) —— Y(s)

Cascade of 2 linear systems

Transfer function— "Oi @0 i

1 Example
P is an elastic band (exponential decay)

0(i) —— withtime constantT
If G(s) = constant = K, then

W | 0
W i "Yi p
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Feedback

} Now | et’s add (negative) f
X(s)—— G(s) | P©) > Y(s)
H(s) |€
Transfer function— ¢¢ ,
1 Example
If H(s) = 1,then— ——
With "O and”Y

Resultsmaller time constant = faster response!!!
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Feedback

} Now | et’s add (negative) f
x@—tg@L— G(s) ——>| PE) [ Y(s)
H(s) |€
Transfer function— ¢¢ ,
1 Example
f'Oi #Oi g0 i 1 p,then B

Resultsystem is independent of feed -forward path!!!

|.e. feedback ensures that the total system is still highly reliable
(even for vulnerable systems
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Feedback

y Now | et’s add (negati ve)

X(s G(s) ————>| P(s) —> Y(S)

H(s) |€
Transfer function— ¢¢ ,
1 Example
H total system
Integrator < Differentiator
Differentiator < Integrator
Low-pass filter < High pass filter
High-pass filter <  Low pass filter
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Feedback

+ External perturbations?

23

+
X(S’_)% —
H(s)

Without feedback—-

With feedback——
With O

Py

W(s)

P(s)

<€

0(9

> Y(S)

Resultgain to external perturbation is reduced by

for K>>1
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Feedback

W(s)

X(s)—— G(s) -xé} P(S) > Y(s)

H(s) |€

1 Other advantages of feedback:
Reduced sensitivity of a system to parameter variations
Potential to stabili ze unst a
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Stability, zeros & poles
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Definitions

} Poles: values of complex variable s for which the
transfer function becomes infinite

} Zeros : values of complex variable s for which the
transfer functiorbecomes zero

10(s+2)
s(s+1)(s+3)

} Example:G(s) =

G(s) has once zero at s2 and three poles at s=0, sEand
S=3
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Definitions

1+ Stability : A system is stable if the output is bounded
for any bounded input

Criterion for stability :The real portion of all poles must
be negative!

Example: G(s) = Pls) S U S N
(s+a )(s+a,y)...(s+a,) (s+a,) (s+a,) (s+a,)

This corresponds tc 27 [G(s)] = Kje™® + K,e™® +..K, e

For a0, poles are negative, reflectidgcaying exponentials = STABLE
For aK0, poles are positive, reflectintging exponentials = UNSTABLE
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Introduction

} Why move the eyes?

Functional role of eye movements: optimize visual processing!

Image stabilization
Smooth pursuit of moving objects (lepass)
Vestibuleocular reflex (VOR) compensates for head movements (piggs)
Opto-kinetic nystagmus (OKN) stabilizes witleld motion

Image exploration
Saccades rerient gaze
Resulting constraints for the controller(s)
Minimize retinal error (position)
Minimize retinal image slip (velocity)
Be as fast and accurate as poss
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Introduction

} Example: saccade mode

AE

AE~ PG

Adapted from:
Jurgenet al. 1981
Scudder 1988

31

A\

\ 4

1
sT+1 _>
plant 10
3
o
0
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Where to start?

} 2 potential approaches

Blind approach
Straight use of systems identification tools
Model the system based on the measured irputput relationship
= Engineering approach

Informed approach
Model systems components (not the system as a whole)
Incorporate detailed knowledge about physiology, biomechaatccs
= Neuroscience approach
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Eye/head plants

} Eye and neck muscles
properties

Damped springnass system
equivalent

Equation of motion of eye ball:

Q=
Py O ©
Muscle force applied:
Q—Y 3dO

n N v R
© © ¢§ou Qo

Passive muscle/tissue force:

K E K, Ko .
- n n -
it it
R R, R,

Orbital tissue

L
R,

Active state
muscle force F

D ==

Muscle
Robinson (1964), Scudder (200¢

J: moment of inertia
F,: passive force (muscle tissue)
F,: active muscle force

0 — _ jole
YUY g (YO YO gas 00 g— (YY) gmy

O ©
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Modelling the eye

1 Low Inertia
1 Viscous muscles (like elastic bands)
A secondorder linear system approximation

X(t) ——h () ——{h)—— Y(1)

¥ U
U= Ox(t- s)4y(s)ds | .
K _'y’b y(t)= OOX(t- s - £)*h (s - t),(¢)ds dt

0 ¢

(leads to terrible expressions!)
y(t) =h(0)* h,(t)* X(t)
T,=175ms, | =13ms .
T ylscc?5|ty of thg plant —_— s+ 1)GT,5+1) >
T,: inertial properties of eye

y(t)= Qu(t- £)>h,(¢)dt I,[-)
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Modelling the eye

y Testi ng the model[ ) ul
| (s+7)dr,s+1) |
20
'2515ﬁ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1000 -

-

angular velocity (deg/s)
o

_500 C r r r r r r r r r I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time (s)
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Moving the eyes

1 We need a motor commandphasi¢ to move the eyes
Eye moves, but gaze cannot be held

20

[any
(63}

ﬁ T T T sy [

a1
7

angular position (deg)
H
o
]

r N\—r

r o r r
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

o
o~

200

,7

100

[

angular velocity (deg/s)

_100 C r r r r r I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time (s)

A tonic activation needed to maintain gaze
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Gaze holding: the neural integrator

} How do we get the tonic portion?

Neural integrator }/
=>
S
. 1
25 —> Tl — V= 5 : —>
s+ 1dTs+)
c
2 15
(2]
8. 10 b
8
> 5@
&
0 C r r r r [
0 0.1 0.4 0.5 0.6 0.7
_. 200
Q)
(o))
S 150~
2
3 100 -
2
% 50 -
% O C r r r r r
0 0.1 0.4 0.5 0.6 0.7
time (s)
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Motor command generation

1 Problem: mov

5]
£ 2000

38

c
S 1500+
D
o
S 1000~

8
3 500+
j
©

)

500

angular velocity (deg/

0

0~.

0

PG

ement Is not monitored...

2500

0

150007~
"

10000~

:
0.05

0.1 0.15 0.2 0.25 0.3

0.35

0.4

0

.
0.05

r r / r r
0.1 0.15 0.2 0.25 0.3
time (s)

:
0.35

.
0.4

A

1

T

(Ts+1)qr,s+1)
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Motor command generation

} Solution: resettable integratog; | /
Only remaining error e drives 3« /
the eyes L | |
gloooﬁ [\\
% 500 - \“\\
0 0.05 0.1 0.15 timOéZ(s) 0.25 0.3 0.35 0.4
RI <
—1/s
DG —*>| PG T, .
—> > . —
e gL (s+1)dr,s+1)
Jurgenst al. 1981
Scudder 1988
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More on linear systems
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State space representations

} Linear systems theory o) =40 | %0
«(00 Fe¢0) 0O

System with p inputs, g outputs and n state variables
X: state vectorl A
y: output vectori A¢ i
u: input (control) vectorl Ap
A state matrix (n x n) R T : g !
B: input matrix (n x p)
C: output matrix (g x n)
D: feedthrough matrix (q x p)
In continuous timanvariant models, all matrices are constant

| =

A Wikipedia
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State space representations

} Transfer functions o0 =40 | %O
Back to our | k@e age¢ds yrobde m...

Laplace transform of x yieldssX(s) = AX(s)+BU(s)

Solving foiX:  X(s)= BU(s) - %
gl - A ’ » b 4?» 1 » c y
Similarly fory:  Y(s)=C BU(S) , DU(s) ) e
sl- A
Transfer functiorG: G(s)? Y(s) -c—2_4p
Uis) s-A

(ratio of output to input of system)
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State space representations

1 Transfer functions
Transfer functiorG:  G(s)?

G is (g X p) matrix
For every input, there are g transfer functions, i.e. one for each output

Simple representation of inpuutput mapping

Examples
If B,C =1 andA,D =0, then

| =

O
y = integral ofu
If A =1, then exponential Sonen il *Gi 5 > o 43}—-'?

A Wikipedia

43 NSCI 850- G. Blohm Feb 25,2020



State space representations

} Linear systems theory o) =40 | %0
«(00 Fe¢0) 0O

Link to neural networks (linear timevariant models)

@ @<

Q@000 -
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State space representations

} Linear systems theory o) =40 | %0
«(00 Fe¢0) 0O

Controllability

It is possible (by admissible inputs) to steer the states from any initial
value to any final value within some finite time window.

Continuous timeinvariant models are controllable if
randB AB AZB .. A™B|=n

(rank = number of linearly independent rows in the matrix)
# state variables
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State space representations

} Linear systems theory o) =40 | %0
«(00 Fe¢0) 0O

Observability

A measure of how well internal states of a system can be inferred by
knowledge of its external outputs.

Continuous timeinvariant models are observable if

e C g

é U

> CA <
rank€ U=n

e ... u

e n-1l;J

LAY
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