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What is a system?

}Black-box description of characteristic behaviour
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Superposition principle (SPP)
} If input x1(t) Ą output y1(t)

} If input x2(t) Ą output y2(t)

}Then:  ax1(t) + bx2(t)  Ąay1(t) + by2(t)

} In general : 

}This is true for all t !!!
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}Surprise 1: what looks linear might not be linear
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Central concept: Impulse response of a Linear System

Surprise 2: a linear system can completely change the shape of the input signal!!!
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As a result of the SPP the response of the Linear System to an arbitrary input 

can be computed from the system’s impulse response! 

Impulse Impulse response

Linear system
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Any signal can be decomposed into a series of pulses
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Central concept: Impulse response of a Linear System

}How is this useful?

}Precise description of signal x(t) by Dirac impulses

}Precise description of response y(t) from the impulse response

}Considering only causal systems, i.e. 

}Change of variables:

   

x(t) = x(t )×d(t - t )×dt
-¥
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ò

   

y(t) = x(t )×h(t - t )×dt
-¥
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y(t) = x(t - t )×h(t )×dt
0
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tforth ²=- tt 0)(

   

y(t) = x(t )×h(t - t )×dt
-¥

t
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Integral
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What does the convolution integral mean?

   

y(t) = x(t - t )×h(t )×dt
0
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}Exercise

}Suppose you have x(t) = sin(wt) and assume impulse response 

h(t). What is the system’s output?

}We need:

}Answer: 

}Thus the output is a harmonic function again!

}Amplitude and phase depend on frequency of input

}But output frequency has not changed!

}Harmonic functions are Eigenfunctionsof linear systems!!!
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}Alternative characterization of linear systems

}Amplitude characteristic Ὃ‫

}Phase characteristic •‫

}Together, they provide the transfer characteristic !

} H ‫

}Fourier analysis: H ‫ is the Fourier transform of h †!

ώὸ Ὃ‫ ɇÓÉÎ‫ὸ •‫
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}Problem: the Fourier transform of many often used 

functions is not defined!

}E.g. step function
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}Solution: Laplace transform!

} Integral transform 

}Resolves a function or signal into its moments

}e.g. statistical moments (mean, variance, etc…)

}Modes of vibration (frequencies)

}Transform between time and frequency

}Compact systems description

}Definition: 

s: complex number

() (){ } ()ñ
¤

- Ö==
0

dttfetfsF stL

ί „ Ὥ‫



Linear Systems Theory

Feb 25, 2020NSCI 850 - G. Blohm13

}Laplace transform

Wikipedia
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}We can now solve our problem…

}Step function has a solution in Laplace space!
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}Laplace transform

Wikipedia
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}Laplace transform

Wikipedia
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}Laplace transform

}Example: solving 

}Laplace transform:

} Inverse Laplace transform:
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}If we have a system G controlling a plant P

}Cascade of 2 linear systems

}Transfer function Ὃίɇὖί

}Example

}P is an elastic band (exponential decay)

}ὖί with time constant T

} If G(s) = constant = K, then

ὣί

ὢί

ὑ

Ὕίρ

G(s)X(s) Y(s)P(s)
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}Now let’s add (negative) feedback…!

}Transfer function 
ɇ

ɇ ɇ

}Example

} If H(s) = 1, then  

}With Ὃ and Ὕ

}Result: smaller time constant = faster response!!!

G(s)X(s) Y(s)P(s)

H(s)

S
+

-
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}Now let’s add (negative) feedback…!

}Transfer function 
ɇ

ɇ ɇ

}Example

} If ὌίɇὋίɇὖί ḻρ, then 
ρ

!!!

}Result: system is independent of feed -forward path!!!

} I.e. feedback ensures that the total system is still highly reliable! 

(even for vulnerable systems, e.g. fatigue, large gain changes…)

G(s)X(s) Y(s)P(s)

H(s)

S
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}Now let’s add (negative) feedback…!

}Transfer function 
ɇ

ɇ ɇ

}Example

} H                       total system

G(s)X(s) Y(s)P(s)

H(s)

S
+
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}External perturbations?

}Without feedback: 0Ó

}With feedback: 

}With Ὃ

}Result: gain to external perturbation is reduced by ϳ╚
for K>>1

G(s)X(s) Y(s)P(s)

H(s)

S
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}Other advantages of feedback:

}Reduced sensitivity of a system to parameter variations

}Potential to stabilize unstable systems…

G(s)X(s) Y(s)P(s)

H(s)
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}Poles: values of complex variable s for which the 

transfer function becomes infinite

}Zeros : values of complex variable s for which the 

transfer function becomes zero

}Example:

}G(s) has once zero at s=-2 and three poles at s=0, s=-1 and 

s=-3 
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}Stability :  A system is stable if the output is bounded 

for any bounded input

}Criterion for stability : The real portion of all poles must 

be negative!

}Example: 

}This corresponds to

Ã For ai>0, poles are negative, reflecting decaying exponentials = STABLE

Ã For ai<0, poles are positive, reflecting rising exponentials = UNSTABLE
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}Why move the eyes?

}Functional role of eye movements: optimize visual processing!

} Image stabilization

Ã Smooth pursuit of moving objects (low-pass)

Ã Vestibulo-ocular reflex (VOR) compensates for head movements (high-pass)

Ã Opto-kinetic nystagmus (OKN) stabilizes wide-field motion

} Image exploration

Ã Saccades re-orient gaze

}Resulting constraints for the controller(s)

}Minimize retinal error (position)

}Minimize retinal image slip (velocity)

}Be as fast and accurate as possible (role of predictions/anticipations…)
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}Example: saccade model

Alfred Yarbus, 1967

Adapted from:

Jürgenset al. 1981

Scudder 1988
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}2 potential approaches

}Blind approach

}Straight use of systems identification tools

}Model the system based on the measured input-output relationship

}= Engineering approach

} Informed approach

}Model systems components (not the system as a whole)

} Incorporate detailed knowledge about physiology, biomechanics etc

}= Neuroscience approach
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}Eye and neck muscles 

properties

}Damped spring-mass system 

equivalent

ὐɇ
Ὠ—

Ὠὸ
Ὂ Ὂ

J: moment of inertia

Fp: passive force (muscle tissue)

Fm: active muscle force

Equation of motion of eye ball:

Muscle force applied:

Passive muscle/tissue force:
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Robinson (1964), Scudder (2009)
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}Low inertia

}Viscous muscles (like elastic bands)

Ą second-order linear system approximation

}T1 = 175ms, T2 = 13ms

}T1: viscosity of the plant

}T2: inertial properties of eye
( )( )11
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0

¥

ò
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(leads to terrible expressions!)
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}Testing the model’s impulse response
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}We need a motor command (phasic) to move the eyes

}Eye moves, but gaze cannot be held

}A tonic activation needed to maintain gaze
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Moving the eyes

Feb 25, 2020NSCI 850 - G. Blohm36

( )( )11

1

21 +Ö+ sTsT1T



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

5

10

15

20

25

a
n
g
u
la

r 
p
o
s
it
io

n
 (

d
e
g
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

50

100

150

200

time (s)

a
n
g
u
la

r 
v
e
lo

c
it
y
 (

d
e
g
/s

)

Gaze holding: the neural integrator
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}How do we get the tonic portion?

}Neural integrator
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}Problem: movement is not monitored...
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}Solution: resettable integrator

}Only remaining error e drives 

the eyes
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Jürgenset al. 1981
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}Linear systems theory

}System with p inputs, q outputs and n state variables

}x: state vector ÍÁn

}y: output vector ÍÁq

}u: input (control) vector ÍÁp

}A : state matrix (n x n)

}B: input matrix (n x p)

}C: output matrix (q x n)

}D: feed-through matrix (q x p)

} In continuous time-invariant models, all matrices are constant

Wikipedia
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}Transfer functions

}Back to our linear system…

} Laplace transform of x yields: 

}Solving for X :

}Similarly for Y:

}Transfer function G: 

(ratio of output to input of system)
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}Transfer functions

}Transfer function G: 

}G is (q x p) matrix

}For every input, there are q transfer functions, i.e. one for each output

}Simple representation of input-output mapping

}Examples

} If B,C = I and A , D = 0, then

y = integral of u

} If A = I, then exponential
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}Linear systems theory

} Link to neural networks (linear time-invariant models)

u

x

y

B C

A

D
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}Linear systems theory

}Controllability

} It is possible (by admissible inputs) to steer the states from any initial 

value to any final value within some finite time window.

}Continuous time-invariant models are controllable if

(rank = number of linearly independent rows in the matrix)

[ ]nrank n =-
BABAABB

12 ...

# state variables
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}Linear systems theory

}Observability

}A measure of how well internal states of a system can be inferred by 

knowledge of its external outputs.

}Continuous time-invariant models are observable if
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